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Abstract 
There is a solution of the problem of stress-strain state determining in the inhomogeneous plate with a circular hole. The 
inhomogeneity can be induced by the temperature field, the explosion load or the neutron fluency. The problem reduces to a 
differential equation system with variable coefficients. The allowance for the variable Young’s module lets to arrive to a more 
accurate solution. 
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1. Introduction 
     The well-known Kirsch’s problem of stress concentration near a small circular hole in a rectangular plate 
stretchable uniform efforts 0ɪ  in one direction [1] (Fig.1). The solution to this problem for the homogeneous material 
obtained under the assumption that b a!! .This assumption allows us to obtain an analytical solution, if we put b o f . 
Characteristic values are in the Kirsch problem stresses near the hole (Vx= 3p0) and near the edge of the plate (Vx= p0). 
 
Fig. 1. The model. 
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2. Statement of the problem 
Before proceeding to the solution of the problem for the radially inhomogeneous plate, we need to analyze, which 
means "a lot more" in the inequality b a!! . For this purpose, we consider the solution of the auxiliary problem of the 
stress state of the homogeneous ring (Fig. 2), which is loaded on the outer contour of the normal and tangential load: 
     0 01 cos 2 ; sin 2 .
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This load corresponds to the stresses in the plate on the outer contour 
r b  (shown by dotted line in Fig. 1).  
The boundary conditions in this problem will have the form 
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We introduce the notation b a E . After we obtain the solutions 
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Analysing this expression, it can be noted that even when 10 E  this 
solution with an error of 3% corresponds to the solution of the Kirsch 
problem for an infinite plate. Fig. 3 shows the discrepancy G  solutions 
for the ring of finite size with a solution of Kirsch problem depending 
on the parameter E . 
Further solution of the problem for radially inhomogeneous material 
was carried out in accordance with calculation scheme shown in Fig. 2 
when 10b a  E . 
3. Solution of the problem 
For plane stress, when the mechanical properties depend only on the radius, equations of equilibrium in terms of 
displacements are given by [1]  
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Solution of (3) will be sought in the form of a generalized solution prepared from Mitchell's solution for stress-
strain state in polar coordinates [2]: 
0 3 51 2 4
20 3 51 2 4
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Fig. 2. The auxiliary model 
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Substituting (4) into (2) leads to an infinite partly separable system of ordinary differential equations. 
Let us consider the problem of the ring, being under the influence of normal and tangential stresses (Fig. 1) applied 
at the outer radius and changed by the law (1). 
Law change in elastic modulus can be represented in the 
    10
0
1 1 ; ,
m EaE r E k k
r E
ª º§ ·    « »¨ ¸© ¹« »¬ ¼
 (5) 
where 1E  - elastic modulus at the inner radius and the coefficient m  characterizes damping rate. 
To meet the boundary conditions (2) in the expressions for the stress it suffices to consider the functions 0M , 1,\
2cM , 2s\ . 
Below there are the expressions for the stress after substituting (4) in them. 
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Comparing the third expression of (6) and the second (2), taking into account (1), we conclude that 1 0 \ . As a 
result, resulting system differential equations for our problem take the form: 
       







4 4 4 41 2 1 0;
2 2 2 2 2




d d d d
dr dr dr r r dr r
d d dd d
r dr r dr r dr r r dr dr r
§ · ª º   ª º § ·     ¨ ¸ « »« » ¨ ¸¨ ¸    © ¹¬ ¼ ¬ ¼© ¹
  ª º § ·       « » ¨ ¸   © ¹¬ ¼
P O P P O P P O P P O PM M M OP
O P O P O P O P O P
P O P P O P P O PM \ \P P PM P \
O P O P O P
     









4 3 2 5 62 1 1 2 12 2 0.







dr r r dr dr r
dd d





§ ·  ¨ ¸© ¹
®
§ ·  ª º
   ¨ ¸« »¨ ¸  ¬ ¼© ¹
ª º ª º  § · § ·      « » « »¨ ¸ ¨ ¸    © ¹ © ¹¬ ¼ ¬ ¼
P P\
P O P P O P P O PM M MP
O P O P O P
P O P P O P P O PM \ \OP OP











Substituting the expression for the elastic modulus (5) in the system of equations (7), we obtain 
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Stresses (6) with allowance (5) take the form 
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As a result, equation (8), (9) take the form 
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Next, we express the boundary conditions through the unknown functions 
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Solving the equations system (10) with boundary conditions (12) was carried out numerically in the software 
package «Maple». 
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Big practical interest is the assessment of the impact parameter inhomogeneity on the stress concentration near the 
hole. Fig. 4 shows the dependence of the modulus of elasticity (5) for the various parameters m  and k . 
Dependence of dimensionless circumferential stresses in the ring at 2 T S  and 1 U is shown in Fig. 5 for various 
addictions elastic modulus. Here and below the dependence for the homogeneous material is shown with dashed line. 
 
Below are diagrams of the radial and circumferential stresses for various parameters of the inhomogeneity (Fig. 6). 
 

Fig. 6. The diagrams of the radial and circumferential stresses 
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4. Conclusions 
The Influence of Inhomogeneity for plates with holes under the action of tensile (compressive) forces is necessary 
to consider, because the inhomogeneity has a significant effect on the stress concentration. This Inhomogeneity can 
be caused by peculiarities of production (stamping, uneven cooling). To reduce stress concentrations must be 
significantly lower modulus of elasticity of the material over the contour of the hole.  
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